Background: An asymptotic normalization coefficient (ANC) characterizes the asymptotic form of a one-nucleon overlap integral required for description of nucleon-removal reactions.
I. INTRODUCTION
The ANC method [2] has proved useful as an indirect tool to determine direct capture reaction rates [3] [4] [5] both to well-bound and weakly-bound states. The ANC of the virtual proton decay of a nucleus a → b + p is related to the astrophysical S-factor for a proton capture reaction b(p, γ)a at stellar energies, and can be obtained in transfer reactions that offer higher cross-sections; hence, it provides an alternative to direct reactions at relevant energies in astrophysical processes [3, 5, 6] . The method depends on the peripheral nature of low-energy capture reactions, in which case the cross-section is determined by the tail of the radial overlap integral between the wave functions of the final nucleus and initial colliding systems.
The ANC, or the nuclear vertex constant, for the decay a → b + c is proportional to the asymptotic behavior of the wave function representing the relative motion of particles b and c. This quantity is closely related to the reaction amplitude [5] and -unlike the spectroscopic factor -is invariant under finite-range unitary transformations of the nucleon-nucleon (NN) interaction [7] ; hence is less dependent on the choice of a short-range potential.
Recently, it has been advocated [1] that the charge symmetry of the nuclear force could be used to relate the ANC of the proton decay to the virtual neutron decay of the mirror nucleus. This observation opens an attractive possibility to learn about the decay width of hardly accessible states in proton-rich nuclei from transfer reaction studies in mirror-bound systems using stable beams. It remains, however, an important question to what extent the charge symmetry argument is sufficient to extract reliable information about the width of an unbound state of some nucleus from the ANC in its bound mirror partner. It is well-known, for example, that threshold effects lead to striking differences in the energy spectra of mirror nuclei having different particle emission thresholds [8] . Indeed, for near-threshold states, the configuration mixing involving scattering states strongly depends on the positions of particle emission thresholds in mirror systems (the binding energy effect) [9] , and on different asymptotic behavior of neutron and proton wave functions. The latter effect leads to the universal behavior of cross sections [10, 11] and overlap integrals [12] [13] [14] in the vicinity of the reaction threshold.
The main objective of this study is to verify the conjecture of Refs. [1, [15] [16] [17] [18] that the ratio R of ANCs for mirror pairs is both approach-independent and interactionindependent. To investigate the proposed link between proton and neutron mirror ANCs [1] , we employ the framework of the nuclear Shell Model (SM) for open quantum systems (OQS), i.e., the continuum shell model (CSM) [19, 20] , which offers a realistic treatment of the configuration mixing in well-bound, weakly-bound, and unbound states.
The paper is organized as follows. In Sec. II we discuss basic features of ANCs. In particular, we review properties of ANCs for proton wave functions in bound nuclei and the limiting behavior of ANCs for charged particles and neutrons. The CSM results for the ANC in mirror p-and (sd)-shell nuclei are discussed in Sec. III. We employ the complex-energy Gamow Shell Model (GSM) and the real-energy Shell Model Embedded in the Continuum (SMEC) to describe ANCs for bound states and resonances. We also analyze the dependence of the ANCs in mirror systems, and their ratios, on the strength of the continuum coupling and configuration mixing. Finally, Sec. IV summarizes the results of our work.
II. BASIC FEATURES OF THE ASYMPTOTIC NORMALIZATION COEFFICIENT
Let us consider the radiative capture reaction b + c → a + γ, and define the radial overlap function I a bc for a process a → b + c. In the asymptotic region, I a bc can be written as:
where W −η,ℓ+1/2 is the Whittaker function and C ℓj is the ANC, a quantity characterizing the virtual decay of a nucleus into two particles b and c. In Eq. (1), r is the relative distance between b and c, κ = 2µS is the separation energy of particle c in the nucleus a, and η = Z b Z c e 2 µ/ 2 κ where µ is the reduced mass of b + c. The quantum numbers ℓ and j are the orbital angular momentum and the channel angular momentum, respectively.
In this paper we shall assume that the particle c is a nucleon (proton or neutron); hence, S (a) n,p is the one-nucleon separation energy. The corresponding radial overlap integral can be written as: 
where a + ℓj (B) is a creation operator associated with the single-particle (s.p.) basis state |u B and rℓj|u B is the radial s.p. wave function. The sum in (2) runs over the complete s.p. basis. The squared norm of the radial overlap integral (2) defines the spectroscopic factor S ℓj .
In the general case of multi-channel coupling, the ANC for a radiative capture reaction is defined in terms of the Hermitian norm |C| of all the contributions corresponding to different couplings of the target state and the state in a parent nucleus:
For bound states, I a bc;ℓj can be well approximated by the product of the spectroscopic amplitude S 
For r ≫ R, where R is the nuclear radius, u ℓj is given by its asymptotic form
where
c ) is the single-particle ANC (SPANC). Therefore, far from the region of nuclear interaction, I a bc;ℓj behaves as:
Hence, β ℓj is directly related to the ANC [21] :
The relations (4)- (7) also hold for many-body resonances. Indeed, as demonstrated in GSM studies [12] , the overlap function I a bc;ℓj is well approximated by the product of the spectroscopic amplitude S 1/2 ℓj and the s.p. resonance wave function of the average potential, which reproduces the Q-value of the reaction studied. Let us also recall that the astrophysical S bc -factor, in the limit of zero centerof-mass energy, E cm = 0, is simply proportional to β 2 ℓj [3] :
A. General properties of SPANCs for charged particles
Let R f (R f ≫ R) be the radius of the external region where the nuclear part of the potential is practically zero. In this region (r ≥ R f ) the s.p. wave function u ℓj is given by Eq. (5), i.e., it is given by W −η,ℓ+1/2 (2κr). For the normalized bound state, this implies that N int +N ext = 1, where N int is the norm of the internal part of the wave function, and
is the norm of the external part. Provided that the energy dependence of N int is weak (which is a reasonable assumption even if separation energy is close to zero), β ℓj should strongly depend on the value of the integral in Eq. (9) . In terms of the outgoing Coulomb wave function H + (ℓ, η k , kr), the Whittaker function can be written as
where k = iκ, η k = −iη, and σ(ℓ, η) is the Coulomb phase shift. To discuss the limiting cases, is useful to introduce the complex turning point
at which
According to the standard properties of the Coulomb wave functions [22, 23] , one obtains the asymptotic expressions:
1. Near-threshold limit of SPANCs for charged particles Let us first consider the limit (12) of η → +∞, which corresponds to very small separation energies. Since η = κ 0 /κ, where κ 0 = Z b Z c e 2 µ/ 2 , the asymptotic part of the s.p. wave function near the particle emission threshold is
As the external norm (9) must be finite, and exp[η − η ln(η)]/η 1/2 → 0 for η → +∞, in the limit of very weak binding β ℓj must exhibit the universal η−dependence:
where N β (ℓ, j) is a prefactor that depends on the structure of the s.p. state, in particular ℓ. To assess how quickly the limit (15) is reached, we performed calculations for the 1s 1/2 , 0p 1/2 , and 0d 5/2 single-proton states in 17 F. The s.p. radial wave function u ℓj was calculated using the Woods-Saxon (WS) potential with the following parameters: the strength of the spin-orbit term V so = 3.68 MeV, radius R 0 = 3.214 fm, and diffuseness d = 0.58 fm. We took the Coulomb potential of a spherical uniform charge distribution with the radius R 0 . For each ℓ, j, the depth of the central potential has been adjusted to the proton separation energy in 17 F, which corresponds to a given value of η. The value of N β (ℓ, j) can be extracted from the calculated wave function at η > 100 and it is 10.786, 2.914, and 0.42 for the 1s 1/2 , 0p 1/2 , and 0d 5/2 states, respectively. Figure 1 shows the η−dependence of the ratio β ℓj /β ℓj . The asymptotic behavior is reached at η ≈ 1 for ℓ = 0 and η ≈ 10 for ℓ = 2 and the ratio smoothly decreases with η suggesting a polynomial dependence on the proton separation energy (or a Maclaurin series in 1/η). Guided by this result, we write:
It is worth noting that the term η 1/2 exp(η ln η − η), governing the rapid growth of SPANC around the threshold, is universal for all charged particles (proton, deuteron, α, . . .), independent of their quantum state. The dependence on the structure is contained in the coefficients a i of the Maclaurin series, which carry information on quantum numbers (n, ℓ, j) of the bound state. In the considered example of single-proton states in 17 coefficients a i were fitted in the range of proton separation energies S (a) p < 10 MeV. An excellent fit has been obtained with the first five terms in the expansion (16) . The resulting values a i (i = 0, . . . , 4) are listed in Table I . To study the model dependence, for 1s 1/2 we considered three values of WS diffuseness d. In this case, the coefficients a i vary by 20-40% if d changes from the value of 0.46 fm to 0.7 fm. The variations in a i with d are further reduced if the r.m.s. radius of the potential is kept constant while changing d. For instance, the changes in a 0 are ∼ 1% in the calculations constrained in such a way.
Large binding energy limit of SPANCs for charged particles
Now we consider the limit (13) of smaller η, which corresponds to finite separation energies that are small enough so that the η-variations of N int can be neglected. In this case, the asymptotic part of the wave function shows the usual exponential decay:
In this case, in order to keep N ext finite, β ℓj has to increase when η decreases. Consequently, when inspecting β ℓj as a function of η one can expect a minimum when η changes from small values toward the threshold (η = +∞).
Separation energy dependence of SPANCs for bound proton wave functions
We shall now discuss the behavior of β ℓ,j in the full energy range. capture reaction at E cm = 0 in channels where the proton has a relative angular momentum ℓ = 0 (1s 1/2 ), ℓ = 1 (0p 1/2 and 0p 3/2 ), or ℓ = 2 (0d 5/2 ). We used the same WS potential as in Sec. II A 1. It is seen that the behavior of SPANC as a function of η follows general considerations of Sec. II A 2. Namely, with increasing η, β ℓ,j first decreases until a certain minimum value of η = η crit is reached, and then increases again as the separation energy decreases towards the S (a) p = 0 threshold. We may thus conclude that η crit separates the regimes of strong (η < η crit ) and weak (η > η crit ) binding for a given partial wave and Z a . In general, η crit scales approximately linearly with Z b and it strongly depends on the angular momentum ℓ of the proton. On the other hand, the dependence on the channel angular momentum j is weak. The magnitude of β ℓ,j decreases with ℓ. The case of ℓ = 0 and large η (and β ℓ=0,j=1/2 ) shown in Fig. 2(a) is characteristic of a proton halo. However, as seen in Fig. 2 and discussed in Sec. II A 2, the large values of β ℓ,j are also expected for very bound states, so a large SPANC is not an indicator of a proton halo.
The extreme regimes of SPANC can be characterized by the complex turning point z t given by Eq. (11) . The low-binding regime of β ℓ,j is reached for κr ≪ |z t | and η → +∞. In this region, characterized by the condition
the proton wave function behaves asymptotically as u ℓj (r) ∝ r 1/4 exp(−2 √ 2κ 0 r), i.e., its decay is slower than exponential. The strong-binding regime is reached at κr ≫ |z t |, i.e.,
Here, the proton wave function shows the expected exponential decay (14).
4. Near-threshold behavior of charged particle radiative capture cross sections Formally, one can discuss the charged particle radiative capture cross section in the two limits:
Whereas the CM energy of the system b + c can be varied experimentally, the charged particle separation energy is fixed for any state of the a-nucleus and, therefore, the limiting behavior of the radiative capture cross section when η → ∞ cannot be studied experimentally in a single physical system. For a fixed value of η, the radiative capture cross-section σ cγ (η CM , η) is exponentially reduced in the first limit (η CM → ∞) as:
As immediately follows from Eq. (8) and discussion in Sec. II A 1, in a sub-threshold regime (η → ∞), the radiative capture cross-section σ cγ (η CM , η) for a fixed value of η CM diverges as:
The asymptotic behavior of σ cγ given by Eqs. (20) and (21) is expected for any charged particle radiative capture reaction. Figures 3 and 4 survey the values of β ℓ,j and η for the proton emission channels with ℓ = 1 (p-shell) and ℓ = 2 (sd-shell), respectively. The Z a −dependence of η crit is fairly weak in both cases. With the exception of the known proton halo 8 B, all other p-shell nuclei belong to the class η < η crit . The ground state of 12 N is found to have η = η crit . The neutron-rich nuclei have very small ground-state η-values; hence, their normalization constants β ℓ=1,j (η) are large (see Fig. 2 ). An odd-even staggering of η -due to pairing -leads to an odd-even effect in β ℓ=1,j (Z a ). The staggering in β ℓj is stronger for nuclei with T z ≥ 0 than in the proton-rich systems with T z < 0. The data for sd-shell nuclei shown in Fig. 4 exhibit similar behavior. Most of the particle-stable sd-shell nuclei belong to the class η < η crit . The only system that Z a
Survey of experimental proton SPANCs
sd-shell Fig. 3 except for ℓ = 2 bound proton wave functions in sd-shell nuclei. For certain nuclei, the radiative proton capture with the channel angular momentum j = 3/2, 5/2 cannot populate the ground state of a nucleus a.
FIG. 4. Similar as in
In such cases (encircled symbols), we plot η and β ℓ,j for the lowest-energy excited state that is populated by the capture with ℓ = 2 protons.
falls decisively into the regime of weak binding is the 5/2 + ground state of 23 Al, which has a small separation energy of S p =141 keV and a very large value of β ℓ,j (see Ref. [24] for a recent discussion). Other nuclei with η > η crit are 29 P, 32 Cl, and 36,37 K whereas 17 F, 30 S, 33 Cl, and 37 Ca are situated at the critical line η crit (Z a ). A pronounced odd-even staggering of η and β ℓ,j is seen for both protonrich and neutron-rich systems. The values of SPANCs for proton-rich nuclei remain close to β crit .
The transition from η < η crit to η > η crit can be further explored by studying different particle-stable excited states in one nucleus, having different values of η, populated in the capture reaction. 
B. General properties of SPANCs for neutrons
The s.p. neutron wave function on the asymptotic region is
where h + ℓ is the spherical Hankel function [22, 23] . In the limit of κ → 0
Using the same arguments as in Sec. II A 1, we conclude that close to the neutron threshold the neutron SPANC behaves as
To discuss the special case of ℓ = 0, we follow the analysis of Ref. [25] . The asymptotic part of the wave function for the s-wave is
Since the external norm N ext (9) of (25) is finite, the near-threshold divergence of
must be compensated by the κ-dependence of SPANC:
In the limit of the large binding energy, the neutron wave function exhibits the exponential behavior:
Using the reasoning of Sec. II A 2, we conclude that β ℓj has to increase with κ. Consequently, in the neutron case, β ℓj should monotonically decrease with κ all the way down to zero. To describe β ℓj for neutrons in a wider energy range, one can employ the power series expansion in κ:
for ℓ = 0. (28b) Figure 6 shows β ℓj for the bound 1s 1/2 , 0p 1/2 , and 0d 5/2 neutron s.p. wave functions. The short-dashed lines are fits with two leading terms to expansions (28) . In general, the coefficients a 
III. CONTINUUM SHELL MODEL DESCRIPTION OF ANCS IN MIRROR SYSTEMS
An extensive analysis of proton and neutron ANCs for light mirror nuclei has been performed using SM and cluster model wave function and various effective N N interactions [1, [15] [16] [17] [18] . It has been found that the ratio of proton and neutron ANCs for mirror nuclei,
is rather insensitive to model details and can be well approximated by the expression
where σ ℓ (−iη) is the Coulomb phase shift associated with the imaginary momentum iκ p , and F ℓ,−iη and j ℓ are the regular Coulomb and regular Bessel functions, respectively. It is to be noted that our expression for R 0 differs from that of Refs. [1, 16] because of different definitions of complex Coulomb wave functions. In our work we follow the convention of Refs. [26, 27] , which results in the appearance of an additional factor e iσ ℓ (−iη) in Eq. (30) . We shall verify these findings in the CSM. As ANCs are impacted by the configuration mixing and continuum coupling through the spectroscopic amplitudes S 1/2 ℓj (4), the OQS framework of the CSM is particularly wellsuited for the description of the ANCs in mirror nuclei. Indeed, since the one-nucleon separation energies in mirror systems can be appreciably different, the particle continuum, both of a resonant and non-resonant character, can impact properties of states involved, especially when dealing with near-threshold energies.
The principal difficulty in the formulation of the CSM is the treatment of the unbound space of states, i.e., resonances and the non-resonant continuum [19, 20, 28] . Therefore, whatever strategy is adopted to formulate the configuration interaction approach for OQSs, the key points are: (i) the treatment of the s.p. continuum, and (ii) the definition of the many-body Fock space.
Historically, the first approach to formulate the CSM in Hilbert space was based on the projection technique [29] . Here, the Hilbert space is divided into orthogonal subspaces Q icont containing different numbers i cont (i cont = 0, 1, · · · ) of particles in the scattering continuum. An OQS description of Q 0 space includes couplings to the environment of decay channels through the energydependent effective Hamiltonian [30] [31] [32] :
where H Q0Q0 is the standard SM Hamiltonian describing the internal dynamics in the closed quantum system approximation and W Q0Q0 (E) is the energy-dependent continuum coupling term. The Hamiltonian (31) [33] . The many-body Hilbert space can be represented by Slater determinants spanned by this basis. In practical applications of the real-energy CSMs, such as SMEC, one uses phenomenological arguments to restrict the number of particles in the scattering continuum. Technical difficulties associated with the correct treatment of the multiparticle channel wave functions rapidly grow with i cont ; hence, in practical applications, the number of particles in the scattering continuum has so far not exceeded two [31] .
Recently, a different strategy based on the rigged Hilbert space formulation of quantum mechanics [34] has resulted in the complex-energy CSM (the GSM) [35] [36] [37] , which is a natural generalization of the standard SM for unbound systems. In this formulation, the maximum number of particles in the scattering continuum is not a priori prescribed, but follows from the Schrödinger variational principle for the many-body Hamiltonian. The s.p. GSM basis is given by the Berggren ensemble [38] , which consists of Gamow (resonant) states and the nonresonant continuum. (For a detailed description of the GSM, see Ref. [20] .) The GSM Hamiltonian is Hermitian. However, since the s.p. vectors have either outgoing or scattering asymptotics, the GSM Hamiltonian matrix is complex symmetric and its eigenvalues are complex above the particle emission threshold. Hence, both realenergy and complex-energy CSM formulations lead to a non-Hermitian eigenvalue problem above the threshold.
A. Theoretical framework
In both GSM and SMEC, we assume that the nucleus can be described as a system of A val = Z val +N val valence nucleons moving around a closed core A c = Z c + N c .
GSM framework
The translationally invariant GSM Hamiltonian, written in intrinsic nucleon-core coordinates of the clusterorbital shell model [39] , can be written as:
where µ i is the reduced mass of either the proton or neutron (1/µ i = 1/m i + 1/M c ), U i is the s.p. potential describing the field of the core, V ij is the two-body residual interaction between valence nucleons, and the last term represents the two-body energy recoil. The particle-core interaction is a sum of nuclear and Coulomb terms:
The nuclear potential U N i is approximated by a WoodsSaxon (WS) field with a spin-orbit term [35] , and the Coulomb field U C i is generated by a Gaussian density of Z c core protons [14] . Similarly, the residual interaction can split into nuclear and Coulomb parts:
where V N is the modified surface Gaussian interaction (MSGI) [14] and V C is the two-body Coulomb interaction that requires special treatment due to its infinite range [14, 40] . Namely, V C is rewritten as:
where U C Z val −1 takes care of the long-range asymptotic behavior of the Coulomb interaction. As U C Zc +U C Z val −1 = U C Z−1 , the long-range physics of the Coulomb Hamiltonian is treated almost exactly. The second term in Eq. (35) and the two-body recoil term can be expanded in a harmonic oscillator (HO) basis [14, 41] . In our calculations, we took nine HO shells with the oscillator length b = 2 fm.
The radial overlap integrals were calculated using Eq. (2), where the sum over B states runs over the complete Berggren ensemble; hence, the result is independent of the s.p. basis representation. The ANC is obtained directly from Eq. (1).
The GSM calculations presented in this paper were carried out for p-shell systems 6 Li/ [14] . The T = 0 constants V N J,T =0 are listed in Table II In the pole approximation, in which only resonant states are considered, amplitudes of 2p-2h and 4p-4h 0p 1/2 → sd excitations are of the order of 10 −3 and 10 −6 , respectively. Consequently, as configuration mixing effects in the states considered are weak, only two particletwo hole excitations have been allowed from the proton and neutron 0p 1/2 states, and only one particle has been allowed to occupy s 1/2 and d 5/2 scattering states. In all cases, scattering contours have been discretized utilizing a Gauss-Legendre quadrature. We have checked that a
;ℓj (r) up to at least ∼ 8 fm. For the s.p. basis, we took a Gamow Hartree-Fock (GHF) ensemble [37] corresponding to a parent nucleus. Sphericity of the GHF potential is guaranteed by the use of the uniform filling approximation. By taking the GHF basis we minimize configuration mixing. The many-body GSM states have been determined by a diagonalization of the GSM matrix using the Davidson method extended to complex-valued Hamiltonians. The identification of the outgoing GSM states has been carried out by applying the overlap method [36] . The parameter optimization was carried out using the multidimensional Newton method. The fine-tuning was done manually to adjust the thresholds to experimental value with a 1 keV precision. For the excited states, we reproduce experimental data with a precision of a few tens of keV. The calculated separation energies are compared to experiment in Table III, while Table IV displays excitation energies and widths of the lowest excited states in the nuclei considered. 
SMEC framework
In this study, the scattering environment is provided by one-nucleon decay channels, i.e. we solve the Schrödinger equation in the function space Q 0 ⊕ Q 1 . The SMEC solutions in Q 0 are found by solving the eigenproblem for the non-Hermitian Hamiltonian (31): (36) in the biorthogonal basis: Ψᾱ|Ψ β = δ αβ . As usual, left |Ψ α and right |Ψᾱ eigenvectors are related by the complex conjugation. In Eq. (36), E and V 0 stand for a scattering energy and a (real) continuum coupling constant in the coupling terms H Q0,Q1 and H Q1Q0 :
Q1 (E) is the one-nucleon Green's function. The energy scale is defined by the position of the one-nucleon emission threshold. At resonance, the eigenvalue of the effective Hamiltonian can be identified with the narrow pole of the scattering matrix (the S-matrix).
Inside of the interaction region, dominant contributions to the full solution of the Schrödinger equation in Q 0 ⊕ Q 1 are given by the eigenfunctions of H Q0Q0 (E). This is the main reason why eigenfunctions of the nonHermitian effective Hamiltonian are essential to understand properties of the OQS. The SMEC eigenvectors Ψ α are related to the eigenstates Φ j of the closed quantum system Hamiltonian H Q0Q0 by a linear orthogonal transformation:
In our SMEC calculations, for the effective SM Hamiltonian H Q0Q0 we took the Cohen-Kurath interaction [42] for A = 6 − 8 systems and the ZBM effective interaction [43] for sd-shell nuclei. The continuum-coupling term (37) was approximated by means of the Wigner-Bartlett contact interaction:
where P σ 12 is the spin exchange operator and α = 0.73. The magnitude of the continuum coupling varies depending on the structure of SM wave function in a target nucleus with (A − 1) nucleons and the energy of the lowest one-nucleon emission threshold, which is fixed at the experimental value in all calculations. SMEC is particularly suited for studies of the qualitative effects of the continuum coupling because the strength of this coupling can be changed continuously from a SM limit (V 0 = 0) to physically relevant values.
The expectation value of any operatorÔ can be calculated as:
In case of the spectroscopic factor one has:
where |t is the target state of the (A − 1)-system. For a single SM configuration, the ANC is proportional to the square root of the spectroscopic factor (7). In SMEC, the spectroscopic factors depend on the total energy E of the system and exhibit characteristic near-threshold variations that depend on the transferred angular momentum. In the multichannel representation of a many-body system, the flux conservation imposes an intricate interdependence between various spectroscopic factors not only on E but also on the strength of the continuum coupling V 0 . This salient dependence of the ANC on the continuum coupling strength is a quantal effect, beyond the generic features discussed in Sec. II. In the case of multi-channel coupling, the squared norm (3) becomes
The ratio of proton and neutron ANCs for mirror nuclei (29) can be directly computed by means of Eq. (42) applied to charged-particle and neutral-particle radiative capture reactions.
B. CSM description of ANCs for bound states
In this section, we discuss the ANCs corresponding to single-nucleon capture reactions between bound states. We first present our GSM results (E CM = 0). The ANCs in GSM can be directly extracted from the calculated radial overlap integrals by fitting their tail to Whittaker functions at large values of r (=7-8 fm). We can use such a direct method of extraction because the asymptotic behavior of I a bc;ℓj (r) is well controlled in GSM. Figure 7 shows how this procedure works for the radial overlap integrals corresponding to ℓ = 1 (0p 1/2 and 0p 3/2 ) protons and neutrons in the 2 + ground states of the mirror nuclei 8 B, 8 Li. This example is non trivial as the configuration mixing is appreciable, and the g.s. of 8 B is a proton halo -as seen from the extended tail of the overlap function in Fig. 7(a) .
The second example presented in Fig. 8 Table IV . Here, both proton and neutron overlap functions are very extended. Nevertheless, the extraction of the ANCs does not cause any problems.
The GSM predictions for ANC are listed in Table V  together does not come as a surprise as the associated spectroscopic factors are almost equal to one, i.e., the ANC and SPANC values are practically identical. The ratios R (29) predicted in GSM and VMC are displayed in Table VI . They are compared to experimental data and the approximate expression R 0 of Eq. (30). (The predictions of microscopic cluster models can be found in Refs. [1] and [18] .) As discussed in Ref. [1] , as compared to ANCs, values of R exhibit less model dependence. Overall, predicted ratios R are fairly close to the estimate R 0 and experiment. In the following, we shall discuss the mirror ANCs using SMEC. The advantage of the projection technique used in SMEC is that the continuum coupling can be switched off and, therefore, the effect of the environment of decay channels on the mirror ANCs can be studied separately from the effect of internal dynamics governed by the effective interaction. The SMEC calculations presented in this paper were carried out for p-and sdshell bound-state mirror reactions:
6 Li/ Table VII contains the summary of SMEC predictions for ANCs in p-and sd-shell mirror nuclei. To illustrate the impact of continuum coupling, we varied the continuum coupling strength V 0 in the physically relevant range from 0 (the SM limit) to −1.30 GeV fm 3 . The resulting ratios R are listed in Table VIII. It is seen that the dependence of ANCs and R on the continuum coupling is usually very weak. Indeed, The GSM and SMEC results are extremely consistent when it comes to the the total ANCs (42) and their ratios.
As will be shown below, the effect of the continuum mixing depends on the distribution of spectroscopic factors in SM states coupled to the decay channel. This distribution is shown in Fig. 9 for selected examples discussed in this section.
A typical example, illustrated in Fig. 10 , shows the variation of ANCs with V 0 for the mirror pair ( 7 Be/ 7 Li) 3/2 − and the mirror capture reactions:
The change of C nℓj with V 0 is due to the mixing of different 3/2 − SM states caused by the continuum coupling. This external mixing of SM states changes the spectroscopic amplitudes S 1/2 p 1/2 and S 1/2 p 3/2 in C p 1/2 and C p 3/2 ANCs, respectively. As seen in Fig. 9(a) , the spectroscopic factors S 0p 1/2 and S 0p 3/2 in J π = 3/2 − i states (i = 1, 2, 3) have all comparable values. The continuum mixing in this case is small, on the order of 2% (see Table VII ). Table VIII shows that in spite of different proton and neutron separation energies in the mirror pair ( 7 Be/ 7 Li) 3/2 − , the effect of the continuum coupling on the ratio R for the 1/2 − , 3/2 − partial waves, and the squared norm (42) 1.00
1.02 7 Be 3/2 − + p → 8 B 2 + + γ and 7 Li 3/2 − + n → 8 Li 2 + + γ. The target nuclei have J π = 3/2 − ; hence, they can be coupled to the final 2 + state through p 1/2 or p 3/2 waves. Figure 11 shows the corresponding ANCs. The effect of the continuum coupling is rather important for a small component p 1/2 and practically negligible in p 3/2 . Notice also a rather strong -and different -dependence of C p 1/2 on V 0 in mirror systems. This different response to the continuum-coupling can be traced back to a different distribution of SM spectroscopic factors in the three lowest 2 + states; see Fig. 9(b) . As the spectroscopic factor S 0p 3/2 of the 2 + 1 state is close to 1, the state 2
is aligned with the decay channel already at V 0 =0 and no further redistribution of spectroscopic strength is possible through the continuum coupling. The situation is different for S 0p 1/2 . In this case, the second 2 + state has the largest spectroscopic factor and the external mixing leads to a redistribution of spectroscopic strength; hence, a change in ANC. The ratio of ANCs for the mirror pair ( 8 B/ 8 Li) 2 + is shown in Table VIII . The variation of R with V 0 is of the order of 1 percent, and practically the whole effect is due to the p 1/2 wave.
As a third example, relevant in the context of GSM analysis, we shall consider the mirror pair ( Figure 12 shows the mirror ANCs for d 5/2 and s 1/2 partial waves. It is interesting to notice that with increasing continuum coupling, C d 5/2 first increases and then strongly decreases in 18 Ne, whereas it steadily increases in 18 O. As seen in Table VII, state; see Table VIII . This behavior can be attributed to the distribution of spectroscopic strength 0d 5/2 (1s 1/2 ), which is primarily concentrated in the two (three) lowest 2 + SM states. Figure 13 shows the ANCs for d 5/2 and s 1/2 partial waves for the 2 + 2 state in 18 Ne and 18 O. Also in this case, ANCs are strongly affected by the continuum coupling: the ratio R changes by almost 50% in the considered range of V 0 , as seen in Table VIII . The distribution of spectroscopic strength 0d 5/2 (1s 1/2 ) in this case is concentrated in the two (three) lowest 2 + SM states; see Fig.  9(d) .
The realistic examples of SMEC calculations of ANCs presented in this section demonstrate that the distribution of spectroscopic strength over an ensemble of J π SM states is crucial for determining the continuum coupling effect on ANCs. If the spectroscopic strength is strongly The distribution of spectroscopic strength strongly depends on the effective nucleon-nucleon interaction. In this sense, the quantitative effect of the continuum coupling on ANCs is strongly interaction-dependent. One should keep this in mind when making predictions about mirror reaction cross-sections. For a given model space and SM interaction, the relative importance of the continuum coupling on mirror ANCs can be a priori assessed by calculating spectroscopic amplitudes and their distribution in a standard SM. However, the effects of continuum coupling cannot be considered in an isolation from the optimization of the SM interaction to spectroscopic and reaction observables within a unified framework. By doing so, an inherent arbitrariness associated with predictions of ANCs can be reduced.
C. CSM description of ANCs for unbound states
The definition of ANCs via Eqs. (6, 7) is no longer appropriate for negative separation energies, i.e., when the state of a nucleus a (A-particle system) is unbound with respect to the nucleus b (A − 1-particle system). Indeed, in this case κ becomes complex and the Whittaker function becomes complex as well. The imaginary part of the Whittaker function is not vanishing even at the limit of vanishing width and the associated ANCs are complex. 
Note that k and η are complex [12] , as the state in Aparticle systems is unbound. At the limit of vanishing width, k, I a bc;ℓj and H + ℓ,η (kr) become real, so that C ℓj given by Eq. (43) becomes real as well.
For narrow resonances, ANCs can be related to the particle width [4] . However, the derivation of this relationship in Ref. [4] relies on the R-matrix theory -not used in the context of GSM -so it is useful to recall the derivation for the Gamow states. The overlap function I a bc;ℓj (r) defined in Eq. (1) obeys a Schrödinger-like equation, albeit inhomogeneous [49] . However, separating the full interaction into a one-body term and a twobody residual interaction, the source term can be decomposed into a dominant homogeneous part and a residual inhomogeneous part, and the latter can be absorbed into the homogeneous part. This approximation has been tested successfully in Ref. [12] for both bound and unbound states. Moreover, as only narrow resonant states are involved, we will consider that the potential entering the equation defining I a bc;ℓj (r) is real. This simplification breaks down for resonant states bearing a sizeable width, for which complex potentials must be used [12] , but is sound for narrow resonances.
Under these assumptions, one can easily derive the relation between ANC and partial width [50] . The functioñ I(r) ≡ rI a bc;ℓj (r) is a solution of the Schrödinger equation:
where v(r) is real and local. The boundary conditions definingĨ(r) areĨ(r = 0) = 0 and Eq. (43) at large r.
The continuity equation forĨ(r) implies that
Taking r in the asymptotic zone in which (43) applies, noticing that k * 2 − k 2 is proportional to the partial width Γ ℓj , and utilizing the standard mirror relation for Coulomb wave functions H + ℓ,η (z) * = H − ℓ,η * (z * ), (both functions obey the same differential equation and behave as exp(−iz * + iη * ln(2z * )) for |z| → +∞), one obtains:
where µ is the effective mass of the particle. To get rid of the explicit r-dependence in Eq. (46), further approximations are necessary [51] . Neglecting ℑ(k) in the Coulomb wave functions of the numerator of Eq. (46) implies that their Wronskian becomes equal to 2iℜ(k). Moreover, as I(r) has a quasi-bound state character, it decreases exponentially along the real r-axis (unless r becomes extremely large, which we do not consider here), so that the integral in the denominator is almost equal to one when r is chosen in the asymptotic region. Under these assumptions, valid for narrow resonances, Eq. (46) simplifies to:
which is the same expression as that obtained in Ref. [4] , even though approximations and boundary conditions are different in the real-energy R-matrix approach and complex-energy Gamow-state formalism [51] . Expressing the total width Γ in terms of the sum of partial widths Γ ℓj gives total ANC constant C (3):
2. CSM description of ANCs for unbound states Figure 15 shows the radial overlap integrals for a 3 + 1 broad resonance in 8 B and a narrow mirror resonance in 8 Li. The tails of real and imaginary parts of radial overlap integrals are fitted with the outgoing Coulomb wave functions of a complex argument k. 
where |C n | is given by Eq. (42) and Γ p is the total width:
where Γ ℓj is the partial proton width of a Gamow state with an quantum numbers ℓ and j. The modulus of a spectroscopic factor S ℓj is taken in order to ensure that Γ p remains positive after the coupling to the particle continuum. For narrow resonances, using Eq. (47), one can express R Γ in terms of proton and neutron ANCs:
As an example, let us consider the previously discussed case of the proton 1 + resonance in 8 B and its bound mirror analog in 8 Li. Figure 16 shows the continuum coupling strength dependence of R Γ computed in SMEC. The SMEC prediction is compared with the approximate formula (50) (50) for the proton decay width (dashed line). The shaded area shows the range of RΓ extracted in Ref. [1] using experimental values of Γp [52] and Cp [53] .
whereas the experimental value extracted in Ref. [1] is (2.2 ± 0.2) × 10 −3 . Results of SMEC obtained using Eq. (50) for the proton width become compatible with the experimental results for V 0 < −1000 MeV fm 3 . The GSM prediction R Γ = 1.88 × 10 −3 given in Table IX . Shaded area mark experimental uncertainties on these quantities [1] .
−1200 MeV fm 3 , SMEC agrees somewhat better with experiment than SM.
IV. OUTLOOK
In the first part of the paper, we discussed the basic properties of ANCs and SPANCs. We broadly classified the behavior of SPANCS for charged and neutral particles in terms of the Sommerfeld parameter η and the wave number κ, respectively, as well as the orbital angular momentum. The extreme regimes of SPANC for charge particles can be characterized by the complex turning point z t of the outgoing Coulomb wave function. We also discussed the near-threshold behavior of ANCs.
Based on the argument using the charge symmetry of the nuclear force, a simple relation (30) between proton and neutron ANCs in mirror pairs has been proposed [1] . The estimate R 0 is very useful as it relates cross-sections of low-energy direct and resonance proton capture reactions, which are difficult or impossible to measure, with neutron ANCs obtained in reactions with stable beams. In the second part of this study, the link between mirror ANCs through relation (30) has been verified in our CSM calculations for different physical situations of the coupling to the scattering continuum and for various manybody states. It has been found that the key factor in determination of ANCs and the mirror ratio R, as well as the sensitivity of ANCs to continuum coupling, is the distribution of spectroscopic strength that is both modeland interaction-dependent. For example, relative differences of R in GSM and VMC [6] can be as large as 30%, and the continuum coupling can change R by up to 50% in exceptional cases. Also, differences with respect to R 0 can be non-negligible. In this sense, ANCs and their mirror ratios are interaction-dependent.
It has been found that the quantitative effect of the continuum coupling on ANCs and their ratios is minor if the spectroscopic strength is either localized in a single SM state or broadly distributed. This property is independent on binding energies of mirror states. On the other hand, if the spectroscopic strength is concentrated in several SM states, their coupling via the continuum space may result in a significant rearrangement of the spectroscopic strength; hence, appreciable variations of ANCs with respect to SM predictions. This effect is particularly strong for near-threshold states that align with the decay channel. Since these special cases can be a priori identified in standard SM calculations of the spectroscopic strength distribution, the qualitative effect of the continuum coupling on SM results for ANCs and their ratios can easily be assessed without resorting to sophisticated CSM calculations, which ultimately provide the quantitative answer.
Finally, let us state that uncertainties due to the model dependence can be significantly reduced if the effective SM interaction is optimized to both spectroscopic and reaction observables within a unified SCM framework. Work along these lines is in progress.
